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PRO B L E M. 

^^HE fum S being given^ to find a feries of which it is th^ 
fum. 

I. Reduce the fum S into a converging feries, proceeding 
faccording to the dimenfions of any fmall quantities, and it is 
done* For example: let any algebraical fundion S of an un- 
known or fmall quantity x be affumedj reduce it into a con- 
verging feries proceeding according to the dimenfions of x^ and 
there refults a feries whofeTum is S. 2, Let A^ B^ C^ &c, be 

algebraical funftions of xi reduce the fkx,fBx,fCx, &c. 

into a converging feries, proceeding according to the dimen- 
fions of x^ and the problem is done. 

It is always necelTary to find the values of x^ between which 
the abovementioned feriefes converge* Reduce the algebraical 
funftion S in the firft example, and the algebraical fundioas 
A, B, C, &c. in the fecond into their loweft terms % and in inch 
a manner, that the quantities contained in the numerator 
and denominator may have no denominator i make the deno- 
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miiiator in the firft examplcj and the deiiGminator in tKe jfe* 
cond, and every diftin£t irrational quantity contained in thenx 
reipe€i:iveJy =0 ; and alfo every dij[lin£l: irrational quantity con- 
tained in the numerators — o, Suppofe m. the leaft root afilr«- 
mative or negative (but not ==0) of the abovementioned re- 
fulting equations ; then a feries afcending according to the di^ 
menlions of ^ will always converge^ if the value of ,r 
is contained between a and --a*, but if x be greater 
than £^ or -^, the abovementioned feries will diverge*. Let 
m- be the greatefl root of the abovementioned refulting equa*^ 
tioBSi then a leries deicending according to the reciprocal di-* 
menfions oi x will converge, if ^^ be greater than nt: ^; but, if 

lefs^ not. When impoiible roots a =±: b%t. — i are contained in 
the equations, an afcending feries.will converge, if .» be lefs 
than the leaft root =±= % and :± (^-i) and =^ (^+i)l 01?^^ 
more generally ^ if x be lefs than the ,leaft-root=^ c55^^,and--.^.'^+^--■ 
at an. infinite diftance n^ beinfihitely lels.thmi:V 

2^«— 2 . n » -= — - a^'^'^h -^-Z » n • ^ • •„-..-«.^* — «-^-^«'— 4■■^4^^,^^e^.-. 
jj|Hi' >H i'i i i. i »H. i .liini. H ill . I .i H . ii|i,. I I'll f wrv ii rtlfti-f'-'-l-'r--* ■ ■' ■ — " -■ ■ ■ ■ i....- .■ i.« n . .— ■ .n-n .i .. ... ■ ii ■■mx »..i«m ^ 

a defceuding feries wilLalways converge, .wlieij.;?? is-, g^^^^ 
than the greateft root of the refulthig. equations 5 .and^;'-';, 
when « is infinite, is infinitely greater than {a+by and (^ - i^)"; 
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ormore generally than 2^"- 2« ,"—^''"'*i^ + 2;^ ^ 

i. 

This follows from Caput 3. of the Meditationes Algebraic£e» 
Cor. It appears from hence, that, if the afcending, feries 
converp-es, the defcending will diverge; and, vice verfdy if the 

defcending converges, the afcending willdiverge^, milefs all the . 
roots-of the above-rnentioned -refuking eqiiations.may be deemed 



of 
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:of equal magtiitude, as +m^nd '-m^Us/^-i^ '&c* and-^r:;^; 
in which cafe fometimes both feiiefes may ' become tlie faffie 
converging feiies, &c. 

When >j in the preceding cafes, is equal to the leaft of 
greateft root^ the ieries will fometimes converge^ and Ibme- 
times notj as is fhewn ill the above-mentioned chapter. Whe- 
ther the fom of a ieries^ whofe general term is given^ can be 
Ipuiid or nofi :wiil in many cafes appear from the law of the 
multinomial ^nd other more general feriefes. 

a* There ^re feriefes which always converge^ whatever may 

be the value of .^i as 3 for examplcj the feries t+-~^^+l 
;:^'^+&c.ori ± -1^^ -^ + --^ &c. &c* always converge^ 



^- 3-4-5 ■-. . . ^--.^^^^^^^^ ^-. 

whatever may be the value of ,jtf ; but it may be obferved, that 
thefe feriefes never arife from the expanfion of algebraical 
fun£l:ions of ^, or the before-mentioned fluents ; but^ in a few 
cafes, they may from €uxioM^^ There are alio 

feriefes which never converge as i #* 1 . 2^+ i . 2 « 3;^ 
\^T.% . 3 • 4.t^-f &Ci, to which the preceding remark may be 
applied* 

f * In ■ tlie^y^r ^757-^ ferne^papers^ 'winch contained the firft 
edition of my Meditationes Algebraic^, were fent to the Royal 
Society, in which was contained the following riilc^ viz. let S 
l)e a given funftion of the quantity ^, which expand into a 
feries (^+^^-+:<^'^"^ + &€■.) -proceeding according to; the dimen* 
lions of PCI in- the quantity S^ for ^* write £Ji.v% ■ ^;^% yx% &c« 
where m^ ^^ y^ &G. are roots of the equation 4*^-- 1^0; and 
let the refulting .quantities be A, B^ C, D^ &c. then will 

— ^ —^ be equal to the fum of the nrit^ 2n+i9 ^n+i^ 

t&€* terms in in fim turn.. /This method -^ in the preface to the 

E e e a iaii 
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laft edition of the Meditatlqiies AJgebraicae^ Is rendered more 
correft and generaL 

4, Let the futn of a feries required be expreffed bja funcr 
tion of a quantity %^. the diftance from the firft term of the 
feries^ then will the general term be the difference between the 
two fucceffive fums generally exprefled. 

5. Let the general term be an algebraical -fund^Ion of %%- 

lit. let It be ■ — ■ — — j — ~ — 7-— — - — r-— — 7 ^ T. where "i^ 

and n are whole numbers; znd m (if the fum of an infinite 
feries of terms is required) lefs than ;^ by two or more ^ 

then^ the generaF term ^%"+^%^^+&c. 
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whence if 

%+^+4, % + ^-l-S • . ..%+i+n-izzz'''^^-hA''^'''^^+W and fo 

on I then, i£m-n-2^ will y = ^7, ^— ^— .yA, grrr-- W-yB^ 
^-d-- bA^^ -- IB^ - 7G5 &G. I whence the integral i;a infinitum^ 

or fum of the- infinite feries^-: will- be--rT^ + : ,' ' ■■■ ■ —-- — +' 



The redudion of the general term T into qiiantities of the 
before given formula was publifhed in the Meditationes, printed 

in the year 1774. It was befora reduced into formulae of the 
fame kind nearly by Mr, N1CH01.E -in the Paris A<5ts.. 



adj Let the general term be T^ 



az'-\-h^'^^ 4 d"^^ 4 Uq. 
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wh^re 
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where h is a whole number lefs than fi+m+/+&c. (if it be 
greater, then the fraftlon can eafily be reduced into a rational 
quantity a%^^'"''''~^—^''- ■\-&cc, and a fradion of the before-men- 
tioned kind); then will T' = (— ; + ~^+ ^^^ + &c.) >, 

/ e , B' , $" , » „ X , 

I t l in ii M w il W. i ll i iji ii n n i ill« W aJL, i im i..' . i M ii i. ! ,.- . 1 i .1 -i « i»«iii«.i a i »l— " mm m i ■ » l m 1 1 1 fci, OtC I J"! g 






''.+'&C.) . . . f — —7 ; -~ ; ■ ■ ;■ - ~-^+ 



(4 — ; — — ~ ; — n — ; + &c.) j whence \ its integral in in'- 

Jiniium ^ t\izt is, the fum of the infinite feries can be found 
when a = o, af^o^ c/^^o^ &c. ; and confequently h not 
greater than . n + m + /+ &Ci — 2 ; otherwife not. If h is not 
greater than n + m + /+ &c; - 3, then will «j + aj'' + ^^'^ + &c, zr o^ 
for elfe the fum would be infinite. 

Let thenumber of quantities (^,/, J*, &c.) be r, then from 
r independent integrals of a leries, whofe term isi T^ ; or 
from C^- i) independent fums of infinite feriefesi whofe term 
is T^; that is,, where b is not greater than n + m + l+kc^^2 1 
can be deduced the. fum of all infinite feriefes of the before- 
mentioned formulae.^ whofe general term is T^, . 

If any fa^Sors are deficient in the denominator, as fuppofe the 
tgrm to be 22 + .^x;s + €' + 3 x.2; + ^ + ^- I ; multiplj the nu- 
merator and denominator by the deficient fadors, viz. by 
% + ^+ 1 . z + e + 2 X % + e + 4 . % + e + 5 . . z + e + n- 2, and it 
acquires the preceding formula ; and fo in the followin 
examples.. 
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3d, Let the denominator be x + e x x + € +1 : x 
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x+f+m-- I X &c« ssD^ where ^^ w^ ^, &c.,; |^^ &c« are 

whole numbers; and the general term iS:^u..T,, .„. JL....,.........^ ^ — 

— T^^^l then^ if the dimenfions of % in the nymerator be 
lefs than its dimenfions in the denominator^ will T^^-^ 



e& . Gt; . fl&' a" 
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z+e^ii:^^^ iz+,y * "(z+ef^" si+/ (=^+/) («+/)^ 
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and in general there will be included all terms of the formufe^ 

^3 + ^)^ « (%4-^-|*l)^ • • * (S? + <? + // 
B((Z+/+/0/>'-(5,+/)0 - 

' ■ —'—«■«■ ■■ ■ , ^ — , ■ — -■,■..•■- - 1 - 1 1, I 1 , 1 ,11 ^ "y ^f i --i i irtn ii ' i 'i II ' •" ~ &.3L^V^a 

I ""^ .■--.^^ .. -:■■•■. ,: ■ . ^^ ■ i r I r '-•-'^r t 1 1 ii l ap iai iij OTiin'iititfTriffftFf^t^ ^ CjiLwife 
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^where A^ B^ C^ &:c, i%, ^^^ ^€« ^^ ^^^ &0. y, 5^ &g. denote in- 
variable quantities i and /, ^^^ p^% &€• are whole numbers not 
•greater than ^, ^^ 'T^, &e. refpe^tively j and i^ i^^V% Sec* are 
whole numbers not greater than ^-«» i, -mr*^ i^ &c. 

If all the quantities % ^^^ i%^^ &c. p^ 0^ 0\ &c. &c. are 
'-^Oj the fum of the feries ean be expreffed in finite terms df 
the quantity z^ otherwife not ; and alfo if h be lefs than the 
dimenfions of % in the denominator by two or more, then will 
■m + ^ + &c. rz O5 otherwife the fum would be infinite. 

From TT + Tr^ + ^-h&c. •-' I independent fums of infinite fe« 
riefes of this kind can be deduc€d"^he fums of all infinite 
■.•■feriefes of the fame kind^ 
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This method may be extended to mfinite feries, m which 
exponentials as e^ are contained 5 which will eaiily be fccn from 
fome fubfequent propofitions ; but in my opinion the fubfequent 
method of finding the fum of feriefes is to be preferred to the 
preceding one, both for its generality and facility, 

6. I . Let the general term be (^az^ + b%^'^'^ + cz^-^^ + &c.) x | 

where h is a whole number lefs than n by two or more, when 
the fum of an infinite feries is required. 

Aflume for the fum the quantity (2; + ^)'"-^ . (%-f ^+ i)"^' • 
(2 + e + 2)-^ ...{z^e-^-n^ 2)-^ x (^%^' 4-/2%^''""' + y^'-^"- + &c.) ; 
find the difference between this fum and its fucceffive one 
(^ + ^+ i)"*^ • (^+^ + 2)"^^ • (5^ + ^ + 3)"*^ •• • (? + ^ + ^~i)^^ 

\ X (^2; + 1 +/3% + i Hh &c.), . which will be «- (% + ^)"~^ ^ 

I ' ll ii ' i ir ) i w 



•A' - im i — i fc' i i aii K ii ilw tfMii ii A . 
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(<sj^4- 1 + /3 % + I +Scc^-^ + e +^ — I X (^az^ + 13%^^'^^ + &c, 
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r: /6' - /a + I a %^' + &c .) ; then make the terms of this dif- 
ference equal to the correfpondent terms of the given quantity 

-^rn x m II f i i Mwi. iii.ii , ii WII..WIII iiig , , 

^j^^ +y^%^'~"'>l-&c. and th^re refult /^ =/&, - i6 -n +1 x ^ r:^, and 
coafequently a rz..>y^—- , ., &c* 

2. Let thei geneml term ba (% +^)""^ . (% +^^ +1 ) "~^ . 

(^+^ + 2)'~' -. .(% + ^ + i^— 0""'^ C^ + /)~^ • (^+/+i)'^' ^ 
(^ +/+ 2)"^^ . . . (? + j^+»--~ i)"^' x{az^ +i%^-'' +<;5^-^ + &c.)a 

Afiume the quantity (z +:^)"~"' . (x +^+ 0"~' • • • (^ + ^ + n- 2)"^' 

X |:^^/4-^j^^'---2 +^^^y +&c.) for the fum of the feries fought | 
and thenee deduce the general term, which fuppofe equal to the 
given general term, and from equating, their correfponding parts 
eaiily can be deduced the index /6^ and co-efficients ^, /3, y, &c.. 

and confeouently ' the fum = of the feries fought* 

T • <*. 
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3. Let the general term reduced to its lowefl: dimcnfions b'c 



z + exz + e+i .., ^.+ *?;+^--i xrz+f xr%,+/+r x 



;s 4.^: + /_. I X &c. X (^2;^ + ^^^"-' + cz^'^^ + kc). If it be re- 
quired to reduce the term rZ':hf ^9 &c. to a- conformity with 

the reftj for r% +/' ^ &Ce fubftitute z+ -^ x r""^, &c. and it 
is done« Affiime for the integral or fum the quantity 
Sss% + ^ .% + e+ I * . z + e + n-- z'^^xrz+f ^ , rz + r+f'"^ , o 



r%A-m-2r+f x%+g xz+g+i • * « %+^+/--z x! 
&c* x (a%^' + jQ%^'^^ 4- &c.) = S, find its fucceffive fum by writing 
^+1 for 2$ in the fum S, and let the quantity refulting be 
S'' I then will the general term be S - 8^5 which equate to the 
given general term, that is, their correlpondent quantities | 
and thence may be deduced the index b^ and .co-efficients u^ /?^ 
&Co ; and confequently the fum fought. If the feries does not 
terminate^ then the fum will be exprefled by a feries proceeding 
in infinitum^ according to the reciprocal dimenfions of %. 

From ^ + ^+(r+&c. -I independent integrals of the 
above-mentioned kind can be deduced the integrals of all quan« 
tities of the fame kind ; that is, where h is any whole affirma- 
tive number whatever^ and .the co-efficients a^ b^ c, &c, are 
any how varied . 

If any fa£tor ^+^ in the denominator^ &c. has no other 
% +^ + /—I J which difters from it by a whole number / - i ; or 
the fa(ftor r%+y has no correfpondent faftor rz+f+mr^ where 
f^ is a whole number ; then the integral of the above-mentioned 
feries cannot be expreffed in finite terms of the quantity z. In 
like manner^ if the dimenfions of z m the numerator are lefs 

than 
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than its dimenlions in the denominator by iinity^ then the in- 
tegral of thegeaerq^l termxannofcUe exprelTed by a finite alge« 
braical function of %. If the number of terms to be added be 
infinite, it is well known that the fum in this cafe will be 
infinite. 

It may be obferved, that in finding the fum of a feries^ 
whofe general term is given, all common divifors of the nume- 
rator and denominator muft be reje8:ed, otherwife feriefes may 
appear difficult to be fummed, which are very eafy : for exam 

pie, let the feries be ^- — 4 \ -^ + —5 — 2— 

* ^ i.a.3.4,s 4^S'^'7»3 7.8.9. lo.i 

4.&c,r:— / 4 ^4 —1 — + &C.), whofe 

3 \ I. 2 •4. 5 4*5 •7.8 7,8 • ID • II ^' 

general terni is ; ^ . , '^It^n ^n ^\i . 5 and by affuming, as 

^ 3%4"^ • 3% + 4X3z-{-2 . 3%+ 1 "^ o' 

is before taught, 3%+ i x 321 + 2 k os for the fum fought; 

rum. m ill an rmn » i i i a>— J » ■ .-.»jr ,1 1 r 

and finding its general term 3% +1 x 32; + 4 x 32 + 2 x 
3%+^ X i8» + i x^, which equating to the general term 
given, there refults x8aj=i, and the fum fought = — x 

lo 
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Ex. 2. Let the feries .be ^ + — — ii — > — + 

1.2.3.4.5 I • 6.7 . 8 .9 

55 HO _^ , c^^ _ I / ^ I I J 

UMiii/ii ll i Ill -' — 1 nil * i | «ii «■■■■■■■■■■»■■— I— «i I ■ III— «—■—■>— —1—4 mmm tjt^ll ZZm • •■ « S ■■ninJirin i .iii»iiiii '--4— . , i.<. « i n... . ■ . „.« i»im 

. 10 . II . 12 . 13 13 . 14. . 15 . i6 . 17 24 \ I . 5 5.9 



I . I 

m "' 



I-^.^ 



4. ^ ^4. &:c.), of which the general term is 

9-13 13 • ^7 -^' ^ 24. 

i- ; and confeqtiently the fum deduced is -^ 

4%+ 1 .4^ + 5 ^ ^ . 24 



I I 

- X 



4 42 4" I 

Thefe are feriefes given by Mr. De Moivib, and efteemed 
by Dr. Taylor^/Z/V/j rndagims* 
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Some other writers have made fome ferieies- to appear more 
dlrhcult to be liimmed, bj - not reducing them to -their loweft 
terms. 

7, Having given the principles of a general method of find- 
ing the fum of a feries, when its general term can be exprelTed 
by algebraicalj and not exponential, funclions of %^ the dif- 
tance from the firfi; term of the feries ; it remains to perform 
the fame when exponentials are included, 

I • Let S the fnm be any algebraical fundion of z multi* 
plied into ^» = ^^ ; then will the general term be S^^ — eS^e"^ =: 
(S-^S^)^^; Avhence, from the general term Ti'^ being given^ 
affume quantities in tlie fame manner (with the fame denomi- 
nator, &c.) as when no exponential was involved, which 
multiplied into e^^ fuppofe to be the fum ; from the fum find 
its general term, and equate it to the given one by equating 
their correfpondent co-efficients, and it is done, 

E^. Let the general term be ^^-^^J:^^ ^«+i : afliime for 
the fum fought j^xj^^ t whence the general term is 

f , ^.^ j ^ -._i_^ 1..^ X ^■^+1 ; equate it to the 

given term, and there refults 2qs(i— e) = i and 319$ — g^f=a, 
and confequently ^=4. and g^=: f, if the feries can be fummed. 

The fame obfervation, viz* that if any faftor in the deno- 
minator or irrational quantity have no other correfpondent to 
it; for example, if the fador be z+g^ and there is no cor- 
refpondent one x+g + ff^ where n is a whole number, then its 
integral cannot be exprefled by a fiinite algebraical fun^iion 
of %. 

In the fame manner may the fums be found, when the terms 
are exponentials of fuperior orders ; for the exponential, irra- 

^ tional, 
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tloiialj &c. ■. qiiaotitles in. the denominators of the.fams may be 

eafilj deduced from the preceding principles; and thence^ hj 

proceeding as is before tanght, the fum required, 

■■ The principles of all thefe .cafes have been given in the 

Meditationes. 

8. Mr, James BEiHotrLH found ftimmabla feriefes by 
affuming a feries V, whofe terms at an infinite diflance are 
infinitely little, and fubtrafting the feries diminiihed by any 
number (/) of terms from the feries itfelf, &c. 

It is obferved iti the Meditationes, that if T (w), T (^ + «), 
T(m + n + n^)y'T{m + n + n^ + n^^), &c. be the terms at ^t 
m+'n^ rn + n+n^, m + n + n^ + n^% &c. diftances from the firft, 
and aT (m) + ^T (m + n) +cT (m +n+n^) + dT (m^n + f/ + 
0'^) + &Ct be the general term, it will be fummable, %^hen 
#4.^4.^:4.^4. &c. = o; the fum of the feries will be a(T(m) + T 

4- • • (T(«i4-#+»^4-«'^4-&c-- 0)+&^-^H- If the fnm 
if^-^^^-|«^«|*&c. be not = o, and the feries T(w) 4-7(^+1) 

4-Tf0i+2)4-&c, in infimfum be -a ■ converging one » S, then 
will the fum of the refulting feries be ,(^-{-l4-r4-^4"&^0 
S ^ (^+-^+,^, + &c-> (T'^ . • •; +T*^+«-^) ^ (^ + ^4. &c.) 

-&c, 

8t %* I>tthe feries V confift of terms, which have only one 
faftor in the denominator, and its numerator = i ; that is, ht 

the general term be -i— , and the feries €onfec|iiently 

L.4.^_4— -.L-4.&C, = V I from the before- mentioned addition 

or fubtradion there' follows ~l--.4-— *— -— 4- — ^ &c.= 

F f f a ^a^ + 



——— — -; — ; — ; p— T— ; %vhere m is not p-reater tnati the 

number (N) of factors in the dfenommator diminifKed by unit/. 
From a^ /S? y^ &c. rand e being given, eafiljcan be acquired by 
fimple equations, or known theoremSj the required co-efficienflj 
as h ^? ^^^ Ifm^N-i and oi> and ^+-i^+c-+'^-4-&c.~o^ 
then the fum of the feries refultingn^jll be finite^ 

8. a. If the terms of the feries aflumed ^ «- — — p — --^ — — 
4" &c:. be alternately affirmative and negative ; then 

by tae preceding caie find — ^—-sn — , ■ t— — 

^^-j-...-,,,.™^^ — .4-- — L-^ +&€• Where the terms of the refult- 
ing feries are alternately affirmative and negative, let the 

m- m — I m — z . - 

Im^o mbiequent. terms, be^uppoied — ; — ^ -: — " 

a . i> I o^_ ^,_ 1 ce%-fi 4-132;+ 1 +7%+! +.&C, 
^2s - f ■ > 'i."« -« .+. ..- ... ! .■ «4-~ CCC* ailQ ' ■■ ~ • !ss 

rz + e rz-^-r-j-e * rz + r+e • rz+^zr-^-e • . . rz-hnr + e 

— f — .4.__» — ..™, + &c, of which the one is affirmative and the 

Other negative : reduce, the refulting feries to an affirmative ona 
by fubtrafting the fubfequent term from its preceding, and it be- 

ft* f^_^, j , ),, T ^ iwxii ,in»w— Mai«^ ■ ■ ■"-■ " ff^iit |-|-|T 

(rz-h.nr+e) (ciz +&z 4-&c.) — (r%+"^) (agj+ i 4-|J%+i -j-kc.}' 

C®meS' l_-....-.™J.--iJi.~.~J .- ; — j^^ p L-r- ; 

r« + # • r% + r+(f • r2; + 2r + ^ . « . r% + r/2-f-^ 



n — mr'd'z 4"&c. <3? » ^ — ^2 



L. . . +, ^c lix this 

cafe^ fince two terms are added into one, the diftance from the 

firft term of tha feries will be ^ ^ whicli fuppofe ^ w ; and write 

■^ - 

zw for % in the above-mentioned term^ and there refults 

Ti'—mr&^z +&C. n---mraY^% w +&c. _^ 

r^ + # • r% + r + # . • . r^+«r + # "^ 2r^4; + ^ * zrw^r+e * . • zrwjrnr + e 

a 

%rw + ^ 
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h-^a 



^ — ^4.^, . — L&c. ; whence the fum of any ferles, whofc 

g;eneral term is — ^>. ^/^ "^ — — J^lSi^ — — -. , where m is a 

whole number lefs than n by two or more, and w the diftance 
from the firft term of the feries can be found from the fum of 

the feries - ■ -~4- »- — f-^&c. 

g. Let there be two feriefes ^-.4*— 4-— I j- &c. =: S and 

^4. — ^—^ — L ^^. 4. &c. = S^ whofe general terms are re^- 

/ /+r /+2r /+3r ^ 

fpeaively +— — and + -— -— - 1 then from the flim of thefe two 

feriefes can be colleded the fum of any feries^. whofe general 
term is 



«»»-• ' ■■' ""I"* •'■••""^^•■—■•■•rMwBg^ " i |"H *i— — — m i ■ ■II , I I mm' " ^ o-l^a »m i Mim m ' " i iiii m i»» —I'— r "—I " *. ■ » i n" 

+ — r: i'> • • * + =^= ; where ^ -/is not a whole num^^ 

rz-l-Zr+f rz + fn'-ir+f' ^ 

ber. ljCta^^-{-c . • +^==^? and /a'' + iJ^ + c^ . ». 4"p^^^9^h;eu 

I I I \ I / / I 



thefum willbe^/^-—^ — }-— r — • •• + — --■ - -■ "- : — ^V+^ T 

»4w «■■ . 1 .1 ..I i.i . ii ■< • • • «-4-» . 1 ■ ■ I I I II II 1 II ■■_ ■'■ j - ^ -'; yw »»» ~ ~ I «4~ ^ I . , , , .. ., -4-. - - I r- i n, „ .^^ ^ •4«.« 



rz4-« 






— —>+ • • • + =r=r j + &C* 

rz-^-r+f rz+7n-2r'^f J 



I I ' , . I o^ 1 I I . ^ 



f MJilMlWIIIl .HIIIWWil»>l^ 



z. If the feriefes are - -^ + -~- &c«and"- - -^---J-.. ^ 

e e~\-r e-{-2r ■ f / + ^ f^rir 

'— &c. ; then from the fum of thefe two feriefes can be collefted 
by the principles' given above the fum of any feries^ whofe 
generals term is 
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f^^-T pz*" '-" ^ _{- «y 2;'^""^^ + Sec . 



^ m i %.»mmmtmtut» >i mm i ■w ii m n - ^^.^^^L ^ ^ 



The fame principle may be applied to find the fum of any 
iferies of the abovementioned fort, in whofe denominator are 
contained other fa6lors, r;s+^, r^j + ^ + r, &€•&€.; or2r^'+^^ 
2rz + g + r^ ar^+^'+^r, &c. Like propofitions maybe de- 
duced from feriefes, in which r and r\ &c. and the factors 
rz-^-e and r^z+g^ &c. denote different quantities, 

lo. An apparently more general method may be given from 
affuming a feries or feriefes as before ; and adding every two^ 
three, fourj &c. (n) fucceffive terms together for terms of a 
new feries beginning from the firft, fecond, third 5 &c. ff-^ 
term ; and in general adding together two, three, &c. n fuc- 
ceffive general terms.; and in their fum writing for % the diftance 
from the firft term of the feries 2% + a^ 32 + ^5 &c. nz + ai 
there will refult the general term of a feries not to be found 
from the above-mentioned addition. 

Ex. Let the feries aflumed be 4.+ I+4+I + &c. in injinU 
ium^ of which the general term beginning from the firjft is 

— — ; add three fucceffive general terms —— + h 

— _A_X^-Ji — ™ ; JQ this term for % write %%. and there 
refults -■ f^^ '^^, ^iiil— -, In the fame manner, if the 

3^+1 . Z'^^r'^^Z'^-^Z 

beginning is inilituted from the fecond or third term of 

the given feries, the terms refultins; will be ^»4~-~~-^^-^ — -- 
^ ' ^ 5^ + 2 .2+3 • 2+4 

and --^-^i^^^^~^^M^ , In thefe terms for % write ^%, and there 

^+3 • 5^ + 4* %+S 



27%^+ 54^+ 26 1 27^^+?2%+47 



;^,eiuit -»-~— --———----- — - — --^ ana 



3^+^ . 3%+3 • 35^ + 4 3^ + 3 • 32^ + 4 ^ Zz-\-s 
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If the temiB of , thegivea feries are alternately affirmative and 
negative, the terras of. the refulting feries w^ill be alternately 
affirmative an4 negative, if n be an odd number ; otherwife its 
terms will be all affirmative* The fum of this feries will be 
finite or infinite^ as the fum of the feries i + I + 4+ I + &c, is 
finite or infinite ; but from it^ by the preceding method of addi- 
tion or fubtradion of Mr. Bernoulli's, or a like method applied 
to more feriefes, may be found the funis of different finite feriefes. 

It may be obferved^ that from Mr* Bernoulli's addition or 
fubtradion can never be deduced the feriefes which arife from 
this method; for, by his method, the denominator can never 
have any fa£tors but what are contained in the denominators of 
the given feries, viz. (in the feries 4 + I + 4 + ^^09 ^ + h where 
/ is a whole number ; but by this method are introduced into 
the denominator the favors 2% + /, 3% + /? &c- and;^% + /^ or 

which may be reduced to the fame (% + - ) x n. 

If n fucceffive general terms of the feriefes arifing from. Mr* 
Bernoulli's addition or fubtradlion be added together^ and m 
the quantity thence arifmg for % the diftance from the firft 
term of the feries be Hibftituted n%^ there will be produced 
feriefes of the above-mentioned formula- 

1 1 * Multiply two converging feriefes a-^bX'^ ex'' + dx^ + &€• 
'rrS and oc,+ l3x + yx'' + Scc.—Y^ or find any rational and inte- 
gral fundion of them, and the feries refulting will be finite 
and = S X V, &c. Let a + (3x + yx'" + &c. x'^-V he finite, and 
the refulting feries will be finite and = S x V, &c. If S be a 
feries converging or not, whofe ultimate terms are lefs than 
any finite quantity^ then will the feries {a + bx^cx^+ &c.) n\ 
{a + /3^ + yx"' + &c. ^^) =: V X S be a converging one, if ^ + fix + : 
yx"' + • t • &c. ^^ z^ o I which cafe was givea by Mr. De Moivre. 
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Mr, Bernoulli's addition^ &c. can be applied to feriefes oi 



this kind. For example, let the givea feries be - + — ~4^ + 



X . S 8 <?? 



+ &c« 2= S* From this feries fubtra£t the fame feries di« 

€4- Z 



1 - . 1 «.j . . I 



miiiiflied byf^ termSj m%. ^—o(f^-^ ^w+i^_ — ^^+e 



'*ft '. . - _ t ^ '^ 



+ &c. and there remains 'Jl^ifl- + 1+^+lzl+Il. a^ +; 



i+m^^-e+2^ ^^,^e-^m + 2~e+^, X ;*;'+ &c, ; for x^ write A, 
then will the feries become ^Hf^ + £.+;«+i--M^a ^ ^ 

1 .a- I '^m-^j 



X P 9 ' -— -w- kV 



Let the general term be -»— — — -IL-. — --31; J—JL, x ^^ 

J! — I — .-+ ■ '.'^ : — * • • -— — -JA^^. Suppofe/SrziQ''.^, 

y^yVj I— |.:v^5 . . X = X^;^*''^^ J then will the fum of the 
above-mentioned feries be ((asTf jS" + y +S^ + &c.) x S- 



1 

e 



(iS' + y +i' + &c.) ~ -J- (/ + S' + Sec.) — 1- a + &c.) - &c. 



^4" i ^4* 2* 



From the fum of the feries ~- -»--—+ J:_~--&c. by thefe 






and the principles before dehvered can be deduced the 
fum of any feries, whofe general term is 

^ ..^ , . ^^ . ,11 ■ I ■ , , ■III, , ,„. ,. v^ 

In like manner from the fum of the feriefes - +~-«.4-.^™ 

+ &c* 7. + -7- ^ - + — r- + &c. - + — — 4 — — + &€• &c* can be 



deduced 
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deduced the fum of any feries, whofe general term is 



me>'i '- n, ta B:*!lktm <» 



"" -- .—-. — >i ■ m, ....■■... — I - < < — - — — — — ■ -"— — ■ — — — - — i —— — ^ n r ti J. ji i. u i wnin I . 11 wiiii m h. h - iniMnni-i nwK^v-r ti ir i niiiiihfiW i inrtnrti" ! ii M iiii n Tnr"'i— i i ' f i T i »"■ " lari i ^ ii n i nni ' ii i i n i i ■ 






And alfo from the fum of the feriefes l^—^^^Jt—-^ &c« 



^ . Pc^ *>^ I ^ x^ 



^ -.-_^+.« — «-&c. ^4^— &c. &c. can be deduced 

the fum of any feries ^ whofe general term is 



II jWl lw W MWmi « rMH tf li*li| -a» I 



A A> « 



2z+e . Zz+e+i . &IC.X2Z+/. zz+f^ I . Sec. 22; + ^ » 22+-^+ I . &c. 

The method of adding more terms of a given feries toge« 
ther^ as before taught, may be applied to thefe and ail other 
feriefes. For example : let the given feries be i + i^ + 1-^* 
' + 1^^ + &C. 5 add two terms conftantly together, and it becomes 

z 3-4 S-6 23.4 



IS 



• r x^ + &c. when ce the general term i_ 

-~— x*^ From the methods before given of addition, fub- 

tradion, and multiplication ; and the feriefes found by this 
method^ can be derived feriefes, whofe fums are known. 

12. Suppofe a given feries ax"" + h""^' + c;^«±^^ + dx''^^' + &c. 
whofe fum / is either an algebraical, exponential, or fluential 
fluxion of X ; multiply the equation f - ax'' + ix'^' + cx"^'' + 
J^«±3^ + &c. into ^i*"- % and there relults ax±'- y ^ ax^'' + 6x±'±' + 
^^v±^±^' + &c. ; find the fluxion of this equation, and there 

follows-: multiplied into the fluxion of the quantity (^x±'-yy- 

of which the general term is (^r±:^%s) x f, where % denotes 
the diftance from the firft; term of the feries, and / 

Vol? 1^a.X1 V « Ci R g i^ 



402 Dr, WAikiiiQ- on th 

is the term in the given ferles^ whofe diftance from the firft 
h, % In the fame manner may be deduced the fum of a feries 

whofe general term is f x do,r'±:,zs x zt:.r^^±^z=t:ns^ or by re- 

jeated operations f x ez^+Jk-i-g^ where f is a term of the 
given equation, whofe diftance from the firil: term is z. And 
in general, from the fum of a given feries, whofe fluxioe can 
he foundj and whofe general term is t\ can be deduced by con- 
tinued multiplication, and finding the fluxiony the fum of a 
feries or quantity^ of which the general term is At% where A 
is any fun£lioa of the following kmda^%^ + S^^-^^ + c^z'"'^^ + &c. 
in which z denotes the diftaii^ce from the firfl: term of the feries^. 
and m a whole number. It is to be obferved, that if the given 
feries converges in a ratio^ which is at leafl equal to the ratia 
q£ the convergency of fome geometrical feries, the refultingt 
eqiuation? will always convey. But if in a lefs ratio, them 
it will fometimes converge, fometimes not, according to the 
ratio which the fucceiive terms of the refulting feries hava 
to each, other at an infinite diftance^ 

Corollary.. L : P -^ ^ - P -^^ - P + S - P -^ ^ ^ 

r . r+i . r4-2 . r + 3- .•.../-.! ^ -^ 

affiknative number; but this latter quantity haa the fbrmula. 
above-mentioned az"^ + l^^m-^z +~cz'"-3 ^ &c. ; and confeqpently ^ 
if the fum of the feries a + 3x^ + €x^' -^dx^^ + &c. ^p be known^ 
by this method^ can be deduced the fum. of the feriea 

s 4. th^ j^tLt±Jcx-^+^iP±LLl±3 J^P .^ Sic. , 



m m . 






nan zn n %n 



'^:z^a'^i^ Jr^^^^ t: multiply the fucceffive terms- of this leries 
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into the terms of the fefies i, ^ . Liliil. &c. ami a feries i 
deduced ^" +^~-^ "^ ^ ^•\^ ^ ^^^^]^^*^'^^ x «""* -{« j&c, 






whofe fum is known, if the fum of the feries = ^ + a? « is 
known*. 

Ex. 2. If the feries begins from the /+ 1^^ term of the above- 

.fH 

mentioned binomial theorem ^-+- a «"^'^ + &a *z;/2?. the 

n n • 



feries be H K i 4 ==^ + -=—--- H — ~— -- — + &Ca 

of which let the refpedive terms be multiplied into i^ 
• , &c. there will refult a feries whofe fum is known* 



•» ^^ mmmmmtmmmmtmmmlimm 

r ' r • r + I 



Ex. 3. From the rule firft given by me for finding the fum of 
the terms at b diftances from each other, the fum of the feries 

. * m- ^T+'in m-^lTln m-lThn / ^ p v »^-/+ ^-f'i« ^ i 

^w+^^2« ^ ^ . 5r-^+^^ f^4.&:c, where P denotes the co^effi- 

cient of the preceding term, can be deduced ; and confequently 
the fum of the feries deduced from multiplying the fucceffive 

terms of this feries into the quantities i, ^ > 7^7X7^ ^^* ^^"^ 

ipe£l:ively» 

The general principles of this cafe were firft delivered by 
Mr, Bernoulli, Mr. De Moivre, Mr. Euler, &c. 

1 2. Affume the feries ^ + ^5^" + c^'" + &c. =/, multiply it into 

^""-^x^ and find the fluent, then will - x'f-^ /r/= ^ ax'' + 

G g g 2 




I 



ral 
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^k^-^-ffj^ — ?-^ ifji?»+2« 4. &c. ; multiply this equation into 

^s_«_,^^ and find the fluent of the equation refulting, which 

divide by \:i'% and there refults -. • ^p^^^ — ■xX'^'' I ri + 
. ^^.,t>-^ fx'^pzz i . I ^ + — ^ .~^;^« + &c, ; and In gene- 

1 . 1 . i . &c. ^ + - . 4 • — *-" A"/+ 5 . «^- . ~- • 

a P y ■* » a-p a-y v^ ■* j3 0—a. p— y. 

&c.^-^ A'^i>+ i . -i-. ~-5 , &c. ^-5' A';*=. - -. i . i.&c. 
^ + -4:- -Vi-- -r ^'^^ ^■^"+-T- > si— . -4— ,.&c. fA;"+ &c. 

a-f*/^ p-^-^i y-^n a'j^zn p f-2n f^ 2n^ \ 

whence the law of continuation, is immediatelj manifeft. 

Hence^ if no two quantities a^ ^, y, 1^ &c. Be equal to each 
other I and the fucceffive terms^?, ^, c^ d^ &:c. of any feries 
a + i^A?^ + rr-« + &c. zzpht divided by a.^. y.iz&c*;. J+^ Sp+.n , 
+ ^ /^^-^ « &c. ; m+zn . P + 2n . y+ zn\ d+ zn . Sec. &c, j 
and in general By m^nz . 0'^nz. y^nz: .J+nz.&c. Scc»; 
then can the fum of the feries be found from the fluents of the 
fluxions x^'p^ x^p^ xyp^ x^p^ &c, as has been obferved in the 
Meditationes. If two are equal, viz. a^0^ then alfo the 

fluent of the ^uxhnjjx'p is reqviired. If three are equal 
^k. a:=l3^y-i, then it is neceflary to find the fluent of the fluxion 
£ /^i px''p.t andib on. 

!;• Let/^ — ";5 and if the differences of the quantities a^ 

^5 y.^ \ k,Q* are divilible by n^. from the fluent of the 

fluxion 
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fluxion ^""p can be deduced the fluents of all the other fluxions 
pc^p^ xyp^ &c, ; and in general, if a-*i8 is divifible by n^ then 
imm the fluent of the fluxion x^'p can be deduced the fluent of 
the fluxion x^p. 

2. Suppofe / =s the terms of the binomial theorem ex- 
panded according to the dimenflons of Xy vk^ (a'^bx^^ =r 



r. r 

r — -i{ 



a' -^ - ar 3^«4-&c. beginning from the firfl: or any other 

terms ; then, if oj, /3, &c. divided by # give whole affirmative 
numbers, will all the fluxions x^'p, x^p^ x'^p^ Sec. be integrable; 
and if the differences of the quantities oc^ (3, y, ^, &c, are divi- 
fible by n^ from the fluent of the fluxion r^* can be deduced 

the fluents of the fluxions .;^^^V •^:^9 ^^f 

If p denotes the fum of the alternate or terms whofe diftance 
from each other are ;5^,^of the binomial, theorem,. the fame 
may be applied. 



3* I&p ^a+bx'' +. cx^"" ' } and cs^ jS, . y, J^ &^- divided by ji 
give whole affirmative numbers, then homfxy can be de- 
duced all the remainde rpx^p^^ f^'^p'j &c. ; an d in general . from 

two can be deduced all the remainder. 

To find when the fum bf any feries of this Mod can be 
found, add together each of the fliients, which can be found 
from each other^ and not otherwife, and Yuppoft their fum :=o ; 
and fo of any other fimilar fluent, and from the refultiiig 
equations can be difcovered when the feries can be integrated. . 

13. If the general term of a feries contains in it more van 
riable quantities, %^ v^ w, &c. ; then find the fum of the feries^, 
irft,, from the hyppthefis that one. of them (^) is only varia-^ - 

hi 
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ble, wKicli^ properly corre^ed, let be A; in the quantity A 
fuppofe all the quantities invariable but fome other v^ and find 
the fum of the ftries thence refultingj which let be Bj and {q 
on ; and the fum of the feries will be deduced. 

Kx. Let the term be ; ; r~j the dimenfions 

of % and ^, &c. in the denominator muft be at leaft greater 
than its dimenfions in the numerator by a quantity greater 
than the number of the quantities %^ v^ &:c. which proceed 
in infinitum increafed by unity. Firfl:, fuppofe 25 only 
variable, and the fum of the infinite feries refulting will be 

-^ — = A ; then fuppofe v only variable, and the fum 

refulting will be -* ^- — r- ^ B, which is the fum required. 

If it be fuppofed, that the quantities % and -y, &c. in the 
fame term fhall never have the fame values, then fuppofe 
% and 1; always to have the fame values, and the general term 

becomes -- — ===— r====r^ of which let the 



fum be V, then will B - V be the fum required. 

On this and fome other fubje£ls more have been given in the 
Meditationes. 

14, If the fum of the feries cannot be found in finite terms, 
and it is neceffary to recur to infinite feries; it is obferved in. 
the Meditationes to be generally neceflary to add fb many 
terms together, that the diftance from the firft term of the 
feries may confiderably exceed the greatefl: root of an equation 
refulting from the general term made r= o ; and afterwards a 
feries more converging may commonly be deduced from 
.the fluents of fluxions refulting from neglefting all but the 
greateft quantities In the general terms resulting i and by other 

2 dijSerent 
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iifFerent methods. Mr. Nicholas Behnoulli and Mi\ Mom- 
MOET inveftigated the fum of. the feries (P) A^-Br4•Cr^ + 
&c. by a feries (Q^)} - — - + ,-^ — ^s + r~~vi +r- — —, + &c. % 

where d\ d-^^ d^^\ &c. denote the fucceffive differences of 
Ae terms A, B, C, D,. &c* If r be negative, the denomi* 

nators become I +^>, (;i+0% (i+^y, &c, , 

It has beemobferved, in the Meditationes, that in fwift con- 
verging, feries the feries P will converge more fwiftly than the 
jferies Q^; in feries converging according to a geometrical ratio^ 
fbmetimes the one will converge more fwift, and fbmetimes 
tbe other. In other feries, which converge more flow, where 
moft commonly r nearly ==^i, it cannot in general be faid,. 
which of the feriefes will converge the iwiftefti The preceding: 
remark, vm. the addition of the firftltermi of the feries, is ne** 
^eflary in, moil cafes of finding the fiims by feriefes of this- 



It is not nnworthy of obiervation, that in almofl all cafes of 
infinite feries> the convergeney depends on the roots of the 
given equations, which remark was firfl publifKed in the Me- 
ditationes. For example : in finding approximates to the roots 
of given equations the convergeney depends on how much the 
approximates given are more near to one root than to any 
other; andconfequently, when two or more roots or values of 
an unknown quantity are nearly equal, different? rules are to be 
applied, which are. improvements of the rule of falfe* This 
mle, and the above-mentioned bbfervat ions were firfl given in the 
Meditationes iyigebraicae efc Analy ticae^ , with feveral othe^ 
additions on fimilar fubjfdts*- 

ManxA 
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Many more things concerning the fummation of ferles, which 
depend on fluxjonal, &c. equations, might be added; but I 
ihall conclude this paper with congratulating mjfelf, that fomc 
algebraical inventions publilhed by me have been fince 
thought not unworthy of being publlfhed by fome of the 
greateft mathematicians of this or any other age. 

I ft, In the year 1757? I fent to the Royal Society the firfl: 
edition of my Meditationes Algebralcae : they were printed and 
pubilflied in the years 1 760 and 1762, with Properties of Curve 
Lines, under the title of Mifcellanea Analytica, and a copy 
of them fent to Mr. Euler in the beginning of the year 1763, 
in which was contained a refolutlon of algebraical equations^ 
not inferior, on account of its generality and facility, to any 

yet publlfhed {vi%.y—a ^p + k ^f' + c \/f+ . . s/p^""). This 
refolution was publlfhed by Mr. Euler in the Peterfburg Ails 
for the year 1764. Whether Mr. Euler ever received my 
book, I cannot pretend to fay ; nor is it materlai: for the fa£t 
is, that it was publlfhed by me in the year 1760 and 1762, 
and firft by Mr. Euler in the year 1764. Mr. de la Grange 
and Mr. Beeout have afcribed this refolutlon to Mr. Euler, as 
iirft publlfhed in the year 1764, not having feen (I fuppofe) 
my Mifcell. Analyt. Mr. Bpzout found from It fomc new 
equations, of which the refolution Is known, and applied it to 
the reduAIon of equations : more new equations are given, 
and the refolution rendered more eafy by me in the Phllofbphl- 
cal Traofa£lions. 2d, In the above-mentioned MifcelL Ana- 
jyt. an equation is transformed into another, of which the 
roots are the fquares of the differences of the roots of the 
^iven equation ; and it Is aflerted in that book, that If the 

coefficients 
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co*6fficients of the terms of the refulting equations change con- 
titiuially from + to — and — to + , the roots of the given equation 
are all poffible, otherwife not ; and in a paper, inferted bj me in 
the Philofophical Tranfaftions for the year 1764, in which is 
found from this transformation, when there are none, two or 
four impoffible roots contained in an algebraical equation of 
four or five dimenfions 1 it is obferved, that there will be none 
or four, &c. impoffible roots contained in the given equation, 
if the lafl term be + or — j and two^ &c* on the contrary, if 
the lafl: term be - or +. Thefe obferrations and tranf* 
formation have been finCe publifhed and explained in the Berlin 
A£ls for the years 1767 and 1768, by Mr. de la Grange, 3d* 
In the MifcelL Anal, an equation is transformed into another^ 
whofe roots are the fquares, &c, of the root^ of a given equation ; 
and it is aflerted, that there are at leaft fo n^any impoffible roots 
contained In the given equation, as there are continual pro-^ 
greffes in the refulting equation from 4~ to +. and — to - . It is 
afterwards remarked, that thefe rules fometimes find Impoffible 
roots when Sir Isaac Newton's, and luch like rules, fail ; and 
that Sir Isaac Newton*s, &c. will find them, \vhen this rule 
fiiils. This rule may fomewhat further be pronabted by firfl 
changing the given equation, whofe root Is ^v hito another 
whofe root is v/ - Ky ; but, in my opinion, the rule of Har- 
KroT*s, which only finds whether there are impoffible roots 
contained in a cubic equation or not, is to be preferred to thefe 
rules, which, in equations of any dimenfions, of which thQ 
impoffible roots cannot generally be found from the rules, fel- 
dom find the true nimiber. 4th, It is remarked, that rules 
which difcover the true number of impoffible roots require 
immenfe calculations, fince they muft neceflarily find, when 
v o-L. l^XXIV. H h 11 the 
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tke roots become equal. In order to this, in the Mifcell.^ Anal, 
there is found an equation, whofe roots are the reciprocals of 
the difFerences of any two; roots of the given equation ; and. 
from finding a quantity (^) greater than the greateft root of the 

given,, and (\^ greater than the greateft root of the refulting' 

equation, and fubftituting -r, ^ — A, ^— 2A, &c. for x in 
the given equation ; will always be found the true number 
of impoffible roots. 5th, In the fame book are affumed two 
equations {nx""^^— n - ipx'''^'^+ n — ^qx""^^ — &c. =0 and 
x"* —px''-^'^ -{-hc^w)^ and thence deduced an equation, whofe 
root iis w^ fi'om which^ in fome cafes, can. be found the num-^ 
ber of impoffible roots* 

6. In the MifcelL Anal, is given the law of a feries, and its. 
demonftration, which finds the flim of the. powers of the roots- 
of a given equation from its co-efficients* Mr. Euler has fince 
pubiifhed the fame in the Fet^riburg Ads* Mn-DE ea Grange 
printed a property of this feries, alfo printed by me about the 
fame time;, vh. that if the feries was continued in infinitum^ 
the powers would obferve the fame law as the roots, which 
indeed immediately follows from the feries itfelf ;, but from* 
thence with the greateft fagacity he deduces the law of the 
reverfion of the feries (^y :=: a -^Bx -^ cx'^ ^ dx^ ^hc.y : it has fince 
been given in a different manner from fimilar principles in the: 
Medit. Analyt. 7. In the Mifcelll Analyt. the law of a leries 
is given for finding the fum of all quantities of this kind (^o^"^ x 
jS'' X Y X <J' X &c. + &c.) where «j, /3, y, ^, &c. denote the roots of a 
given equation, from the powersof the roots of tile given equation. 
This law, with a different notation, has been fince pubiifhed in the 
Paris Afts byMr, Vandeemohde J; who indeed mentions that he 

had 
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had heard^ that a feries for that purpofe was contamed In my 
book, but had not feen it. In the fame book is given a method 
of findmg the aggregates of any algebraical functions of each of 
the roots of given equations, which is fomewhat improved 
in the latter editions. 8. In the fame book are affumed 

— ~- and " — ■ , where % is any rational 

p^ -^q %'"^' -f Sec. p%'^r<l 2^'"*"' + &c. "^ 

quantity whatever for x andjy, the unknown quantities of a given 
equation of two or more dimenfions. 9. In the Mifcell. Anaiyt. 
a biquadratic (^* + 2j&A?^==5'^^* + rx + J, of which no term 
is deftroyed) is reduced to a quadratic (^^ + jJa? +« = 

%//>^+ 2« + y^ + v/i + «'';) and in the fecond edition of it, 

printed in the years 1767, 1768, 1769, and publifhed in the 
beginning of the year 1770, the values of n are found 

— ^ J — -~, and — — ; and the iix values of s/y +2^ + ^ 

reipeaively - — ~ — -? — > , and their nega- 

*» *t ^ 

tives^ and the fix values of v/i + »* refpe£lively ^—21, "^^Tl—f 

^-—^j and their negatives. 10. From a given biquadratic 

(/+£y'' + /7 + «f = o) by affumiog y+/ry + <^=='y and ^ and b 
fuch quantities as to make the fecond and fourth terms of 
the refulting equations to vaniili, there refults an equation 
{p' + A^?'"+ B rr o) of the formula of a quadratic. Mr. de la 
Grange has afcribed this refolution to Mn Tschirnhauseni 
but in the Leipfic Afts the refolution of a cubic is given by 
Mr. TsCHiRNHAUSEN, but not of a biquadratic: his general 
defign feeras to be the extermination of all the terms* 

H h h 2 II. Mr* 
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1 1. Mr, EifLER or Mr. de la Grange found, that if a be^ 
root of the equation a;"- i rro, where ;^ is a prime number^, 
ay a^ DL^^ . • ^"■~'% I will be {n) roots of it,. More ob a fimi-' 
lar fubje6t has been added in the laft edition of the Medit.. 
Algebr. 12. It is obferved in the MifcelL Analyt* that 
Cardan^s or Scipjo FerreusV refolution of a cubie is a refo- 
lution of three different cubic equations; and in the Medito. 
Algeb. 1770, the three eubics are given , and the rationale of 
the refolution (for example : if (^, iG, and y, be the roots of 
the cubic equation x' -{rqX'-r ^Oy then is given the function 
of the above roots, which are the roots of the reducing equa- 
tion %^ - r%^. = ^^) ; and alfo the rationale of the common refo« 
lution of biquadratics. 13. It is allerted in the Mifcell. that 
li the terms (My" + by'-^'^x -^-ry-V + &c* and Ny"^ + ^y'^'-^x 4» 
Qj;'^— 2j^^ ^ &c.} of two equations of n and m dimenfions, which 
contain the greatefl: dimenfions of x zwA. y have a common di- 
vifor, the equation whofe root is x or y^ will not afcend to 
n X m dimenfions ;; and if the equation^ whofe root is x or y^, 
afcends to nnm dimenfions, the fum of its roots depends on 
the terms of ;^ and n-i dimenfions in the one, and ;?/ and 
m - I dimenfions in the other equation ^ &c. It is alio aFerted., 
in the MifcelL that if three algebraical equations of n^ m^ 
and r dimenfions contain three unknown quantities .r, jy, audi 
z^ the equation 3 whofe root is x ot y or js, cannot afcend to 
more than n . m . r dimenfions.. 14. Mr. Bezout has given 
two very elegant propofitions for finding the dimenfions of the 
equation whofe root is .^ arjy, &c ; where x^ y^ &c. are un- 
known quantities contained in two or more {h) algebraical 
equations of tt^ f, cr, &c. dimenfions, and in which forae of 
the unknown quantities do not afcend to the above tt, ^, cr, &c* 

dimenfioias 
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dimenfions refpedlvely. In demonftrating tliefe propofitions 
he iifes one (amongft others) before given bj me (w%. if an 
equation of ^ dimeniions contains m nnkiiown quantities, the 
number of different terms which may be contained in It will 

bel^+ I . ^i- • — ~- . * ^i^) . In the Medit. 1770 there is 

a 3 m J ■ ' 

given a method of finding in many cafes the dimenfions of the 
equation, whoie ro6t is x or j, &c. ; f?om which one, if not 
both, of the above-mentioned cafes rnay more eafily be deduced^ 
and others added. 15* In the Medil^ i*r7o is observed, that 
if there be n equations containing w unknown quantities, 
where ^ is greater than ^, there wrill he n-^m equations of 
conditions, &c. i6. In the MifcelL is given and demon- 
ilrated the fubiequent propofitlon ; vk.\\I two equations con- 
tain two unknown quantities ^ and^y, in which x and y are 
iimiiarly involved ; the equlation, whoie root is x or j/ will 
have twice the number of roots which the equation, whole 
root is ^+j, x'+f^ &c. has. In the Medit. 177a the fame 
reafbning is applied to equations, which have two, three, four, 
&c. quantities similarly involved* 17. Mr. de la Grange has 
done me the honour to demonftrate my method of finding the 
number of affirmative and negative roots contained in a biqua- 
dratic equation. -A demonftration of my rule for finding the 
number of affirmative, negative, and impoffible roots contained 
in the equation x'' + Ax""' + B ^^ o is alfo omitted, on account of its 
eafe and length. From the Medit. the iiiveiligation of finding the 
true number of affirmative and negative roots appears to be as diffi- 
cult a problem as the finding the true number of impoffible roots ; 
and it further appears, that the common methods in both cafes 
can feldom be depended om But thgir faults lie on different fides^ 

7 the 
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the one generally finds too many, the other too few. 1 8. In 
the Medit, 1770, from the number of impoffible roots in a 
given equation ix"" ^px""^^ 4- &c. = 0) is found the number of im- 
poffible roots in an equation, whofe roots {y) have any affigna- 
ble relation to th^e roots of a given equation; and examples 
are given in the relation (;^Af*~^ -;? -- i/^"'~''' + &c.~i:;) ; and 
in an equation, whofe r^ots are the fqmares of the dif- 
ferences of the roots of the given equation^ ip* It is obferved 
HI the M edit, 1770, that in two or more equations, having 
two or more unknown quantities, the fame irrationality will be 
contained in the correfpondent values of each of the unknown 
^quantities, unlefs two or more values of one of them are 
equal, &c. Ilhe fame obfervation is aifo applied to the co- 
efficients of an equation deduced from a given equation* 20* 
in the Mifcell. was publiflied a new method of exterminating, 
from a given equation, irrational quantities, by finding the 
the multipliers, which, multiplied into it, give a rational pro- 
idud. 21* In the Medit. 1770, are given the different refolu- 
tions oi a certain quantity (^3^ + r^*)^*^+' and (^* + r^^)**«+^ into 
quantities of the famekind, 22. Mr. de la Grange has very 
elegantly demonflrated Mr. Wilson's celebrated property of 
prime numbers contained in my book. In the lafl edition of the 
Medit. the fame property is demonflrated, and fome fimilar 
ones added. 23. In the Mifcell. is given a method of finding 
all the integral correfpondent values of the unknown quantities 
of a given fimple equation, having two or more unknown 
quantities; and, in the Medit. 1770, are given methods of re- 
ducing fimple and other algebraical equations into one, fo that 
fome unknown quantities may be exterminated ; and if the 
4Jnknown quantities of the refulting equations be integral or 

rational* 
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fational, the unknown quantities exterminated may alfo be 
integral or rational. 24* In the Medit. are given rules for 
finding the different and correfpondent roots of an equation » 
whpfe refolution is given. z§. Mr. de la Grange has-recom- 
mended my new transformation of equations, publifhed in the 
Mifcell. which perhaps is not lefs general nor elegant than any 
yet publifhed r and in the Meditat. 1 770 is given a method very 
ffeful in finding the co-efficients. 

If either here, or in the preEce to the Medit. Algebraical, 
I have afcribed to myfelf any algebraical, or in the properties 
of curve lines any geometrical, or in the Medit. Analyt. any 
analytical invention, which has been before publilhed by any 
other perfon, I can only plead ignorance of it,, and fhall oa 
the very firft convi£lion acknowledge it.. 

I muft further add,, that I have been able to carry my alge- 
braical improvements into geometry J for from them, with 
fome geometrical principles added, I have (unlefs I am de- 
ceived) deduced, as many new properties of conic fe£tions and' 
curve lines as have been publiflied by any one fince^the great; 
geometrician AfOLX ON lus. 




